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In this paper, we introduce Berry curvature, topological Chern number and topological chiral edge
mode, that emerge from a hybridization between magnon and electromagnetic wave in a ferromagnet
insulator. By focusing on the energy conservation, we first reformulate the Landau-Lifshitz-Maxwell
equation into a Hermitian eigenvalue equation. From the eigenvalue equation, we define the Berry
curvature of the magnon-photon coupled waves. We show that the Berry curvature thus intro-
duced shows a prominent peak around a hybridization point between magnon mode and photon
mode, and a massive hybrid mode takes a non-zero Chern number (±1) due to the magnon-photon
coupling. In accordance with the non-zero Chern number, the topological edge modes emerge in-
side the hybridization gap at a domain wall between two ferromagnetic insulators with opposite
magnetizations.
I. INTRODUCTION
Coupled waves between ferromagnetic moments and
electromagnetic waves have been studied for a long time.
Dispersion relations of the coupled waves of the magnon
and the electromagnetic wave in layered film structures
consisting of magnetic, ferroelectric, and insulating lay-
ers, are studied theoretically1–3 and experimentally. In
recent years, coupling between quantum spins and pho-
tons have attracted much attention both in theory and
in experiment. The coupled wave of spins and photons
behaves differently depending on the strength of the cou-
pling. When the coupling is strong, the wave is called
a magnon-polariton4,5. The magnon-polariton is promis-
ing for applications in quantum information science and
technology. Recently, strong coupling between the Kit-
tel mode and the cavity mode is studied in the YIG
sphere6–8, film9, and film split rings10.
The Berry curvature in various physical systems has
also been attracting many researchers. A geometric char-
acter of the Bloch wavefunction gives rise to new phenom-
ena such as topological electric and thermal Hall effect11.
The Berry curvature have been studied in electrons12,13,
photons14–19, magnons20–26, and so forth. Recently, cal-
culations of finite Berry curvature are reported in var-
ious coupled systems such as systems with charge den-
sity and current coupling27,28, exciton-photon coupling29,
and magnon-phonon coupling30–34. The hybridizations
among these degrees of freedom lead to topological bands
and novel edge states inside a hybridization gap. In the
previous work, we have calculated the Berry curvature of
magnetoelastic wave, by formulating a Hermitian eigen-
value equation from an equation of motion for the mag-
netoelastic wave35.
In this paper, we formulate a Hermitian eigenvalue
equation for coupled equations of motion for ferromag-
netic moments and electromagnetic waves. Based on the
formulation, we calculate the Berry curvature of the cou-
pled waves of magnons and electromagnetic waves36. We
find that the Berry curvature is prominently enhanced
at a crossing point of the dispersions and we carify its
asymptotic behavior around the crossing point. We wind
that in the presence of the finite hybridization, the topo-
logical Chern number of the coupled wave becomes quan-
tized to be non-zero integer. We show that in accordance
with the non-zero Chern number, non-trivial topological
edge modes of the coupled wave appear inside the hy-
bridization gap at a domain wall.
This paper is organized as follows. In Section II, we for-
mulate generalized Hermitian eigenvalue equations from
the equations of motion of magnons and electromagnetic
waves and calculate eigenfrequencies. In Sections III and
IV, we calculate the Berry curvature, the Chern number
and its edge modes of the magnon and electromagnetic
waves. We summarize the paper in Sec. V.
II. FORMULATION OF EIGENVALUE
EQUATION
We consider a three-dimensional ferromagnetic insu-
lator with isotropic electric permittivity. The saturation
magnetizationM0 and the applied magnetic fieldH0 are
parallel to each other, and they are along the z-direction.
The magnon field is described by a magnetization m in
the xy plane (Fig. 1). We assume that electromagnetic
waves with the magnetic flux density b and the elec-
tric field e trasmit entirely through the ferromagnetic
insulator without dissipation. The amplitudes of the
magnon and the electromagnetic waves are proportional
to exp i(k · r − ωt), with frequency ω and wavevector
k ≡ (kx, ky, kz) ≡ k(sin θ cosϕ, sin θ sinϕ, cos θ) (Fig. 1).
Therefore, θ represents an angle between the wavevector
and the saturation magnetization. The coupled equa-
tions of motions (EOM) consist of the Landau-Lifshitz
equation and the Maxwell equation. In terms of the
2wavevector k, the EOM take forms of
∂mx
∂t
=
ωM
4π
by − ωsmy, (1)
∂my
∂t
= −ωM
4π
bx + ωsmx, (2)
∂b
∂t
= −icKe, (3)
∂e
∂t
= i
cK
ǫ
(b− 4πm), (4)
where ωs ≡ ωM + ωH , ωM ≡ 4πgM0, ωH ≡ gH0, g is
gyromagnetic constant, c is the speed of light, ǫ is the
permittivity, and K is an anti-symmetric matrix defined
as
K =

 0 −kz kykz 0 −kx
−ky kx 0

 . (5)
For the later convenience, let us express Eqs. (1)-(4) as
i
∂
∂t
xk = Heffxk, (6)
where xk is the eigenvector, xk =
t(mk,x,mk,y, bk, ek).
The 8 × 8 matrix Heff is given by
Heff =

 ωsσ2 −ωM4π σ′2 00 0 cK
− 4πcǫ (K ′)t − cǫK 0

 (7)
with a 2 × 2 matrix σ2 and 2 × 3 matrices I ′, σ′2, K ′:
I ′ =
(
1 0 0
0 1 0
)
, (8)
σ2 =
(
0 −i
i 0
)
, σ′2 =
(
0 −i 0
i 0 0
)
, (9)
K ′ =
(
0 −kz ky
kz 0 −kx
)
. (10)
We call Heff an effective Hamiltonian.
To define the Berry curvature for the coupled wave
from the EOM, let us assume that a constant Hermitian
matrix γ makes Heff to be Hermtian as H˜eff ≡ γHeff =
H˜†eff . In terms of these Hermitian matrices, the coupled
EOM reduces to
iγ
∂xk
∂t
= H˜effxk. (11)
Define a ‘norm’ of xk in terms of the Hermitian matrix γ
as x†
k
γxk. Since γ and H˜eff are both Hermitian, one see
that the norm is a constant of motion, ∂(x†
k
γxk)/∂t = 0.
Physically speaking, the constant of motion must corre-
spond to a total energy density of the system. Thus, we
choose the Hermtian matrix γ as
γ =

 (4π)
2ωs
ωM
I −4πI ′ 0
−4π(I ′)t I 0
0 0 ǫI

 , (12)
with
H˜eff(k) =γHeff(k)
=

 (4πωs)
2
ωM
σ2 −4πωsσ′2 −4πcK ′
−4πωs(σ′2)† ωMΣ2 cK
−4πc(K ′)t −cK 0

 ,
(13)
and a 3 by 3 matrix Σ2,
Σ2 =

 0 −i 0i 0 0
0 0 0

 . (14)
Then, the norm is equal to the total energy density, con-
sisting of the energy density of the electric wave ue and
that of the the magnetic wave um
37–39,
x
†
k
γxk = ue + um, (15)
ue = e
†
k
∂(ωǫˆ)
∂ω
ek = ǫ|ek|2, (16)
um = h
†
k
∂(ωµˆ)
∂ω
hk = (4π)
2 ωH
ωM
|mk|2 + |hk|2. (17)
Here ǫˆ and µˆ are an isotropic permittive tensor and per-
meability tensor defined by bk = µˆhk where hk repre-
sents a magnetic field. We henceforth choose a normal-
ization condition of the eigenvector xk as x
†
k
γxk = 1.
The eigenvalue equation (11) gives an equation for the
dispersion relation
ω6 − (2ω2em + ω2s)ω4 + ω2em (ω2em + 2ωHωs + ωMωs sin2 θ)ω2 − ωHω4em (ωH + ωM sin2 θ) = 0,
(18)
where ωem = ck/
√
ǫ. The dispersion relation in Eq. (18)
has only six solutions, while the dimension of the eigen-
value equation (6) is eight. The other two are nothing
but two zero modes that correspond to unphysical gauge
degrees of freedom. Namely, Eqs. (3) and (4) satisfy
k · b = 0 and k · e = 0, respectively and correspond-
ingly, Eq. (6) always has two eigenvectors that belong to
the zero eigenfrequency. The six physical solutions con-
sist of pairs of positive and negative frequencies. In the
following, we only consider the case of (i) θ = π/2 as
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FIG. 1. Schematic illustration of the magnons and the elec-
tromagnetic waves for (i) the wavevector perpendicular to the
saturation magnetization (θ = pi/2) and (ii) the wavevector
parallel to the saturation magnetization θ = 0 (in Appendix
A).
shown in Fig. 1(i). We leave the case of (ii) θ = 0 in
Appendix A.
III. BERRY CURVATURE OF COUPLED
WAVES BETWEEN MAGNONS AND
ELECTROMAGNETIC WAVES FOR THE CASE
WITH θ = pi/2 (kz = 0)
When k is perpendicular to the magnetization M0
(θ = π/2), the wavevector becomes the two-dimensional
vector, k = (kx, ky) = k(cosϕ, sinϕ), and Eq. (18) re-
duces to[
ω4 − (ω2em + ω2s)ω2 + ω2emωsωH
] [
ω2 − ω2em
]
= 0.
(19)
The eigenfrequencies from the first and second parenthe-
ses correspond to the set of componentsmx,my, bx, by, ez,
and that of bz, ex, ey, respectively. The decoupling be-
tween these two sets is due to a mirror symmetry with
respect to the xy plane, under which the wavevector k
is invariant for the case with θ = π/2. The first set
comprises the hybrid waves of a magnon and an electro-
magnetic wave,
ω2± =
ω2s + ω
2
em
2
±
√(
ω2s − ω2em
2
)2
+ (ζk)2. (20)
Meanwhile within the linearized EOM, the second set of
the fields (bz, ex, ey) represents a pure and is free from
the hybridization with magnon with its frequency equal
to ωem, satisfying ω− < ωem < ω+ (Figs. 2(a) and 3(a)).
Here
ζ ≡
√
ωMωs
ǫ
c (21)
stands for the hybridization strength between magnon
and electromagnetic waves. For the ω+ branch of
Eq. (20), the dispersion at k → ∞ and k → 0 has the
following asymptotic forms,
ω2+ ≃
{
ω2em +
(ζk)2
ω2em
(k →∞),
ω2s +
(ζk)2
ω2s
(k → 0),
(22)
and for the ω− branch of Eq. (20) is
ω2− ≃
{
ω2s − (ζk)
2
ω2em
= ω2mag (k →∞),
ω2em − (ζk)
2
ω2s
(k → 0),
(23)
where ω2mag = ωHωs = ωH(ωH + ωM ) is the dispersion
of the magnon in the magnetostatic regime.
Let k∗ and ω˜ denote the wavenumber and frequency at
a crossing point between the dispersions of the magnon
ωs and the electromagnetic wave ωem without the cou-
pling (ζ = 0);
ωs = ωem(k
∗) ≡ ω˜, k∗ ≡
√
ǫωs
c
. (24)
The frequencies of the coupled wave at the crossing point
k = k∗ is given by
ω± =
√
ω˜2 ± ω˜∆ω, ∆ω ≡ ζk
∗
ω˜
. (25)
where ∆ω is defined as a hybridization gap at the crossing
point. Note that the crossing point is located outside
the magnetostatic regime. By using Eqs. (3)-(4), the
magnetic field and the magnetization are written as40
hk =
4π
1− ω2/ω2em
(
−k ·mk
k2
k +
ω2
ω2em
mk
)
, (26)
k × hk = ω
2/ω2em
1− ω2/ω2em
k ×mk. (27)
The magnetostatic regime is defined by ω ≪ ωem, where
the magnetic field becomes approximately rotation free,
hk ≃ −4π(k ·mk)k/k2 and k × hk ≃ 0. It is obvi-
ous that the crossing point (ω ≃ ωem) sits far outside
the magnetostatic regime. In the following, we will show
that the Berry curvature of the coupled modes shows a
prominent peak near the crossing point outside the mag-
netostatic regime.
The coupled modes between magnons and electromag-
netic waves involve the components mx,my, bx, by, and
ez. The eigenvalue equation for the coupled modes is
given by a 5 × 5 matrix extracted from H˜eff :
H˜⊥eff(k)xk,± = ω±γ
⊥
xk,±, (28)
with
H˜⊥eff(k) =


0 −i (4π)2ω2sωM 0 4πiωs −4πcky
i
(4π)2ω2s
ωM
0 −4πiωs 0 4πckx
0 4πiωs 0 −iωM cky
−4πiωs 0 iωM 0 −ckx
−4πcky 4πckx cky −ckx 0

.
(29)
The energy density of the hybridized modes is given
by a norm of a five-components eigenvector, xk ≡
t(mk,x,mk,y, bk,x, bk,y, ek,z). The norm is given by
4x
†
k
γ⊥xk, where γ⊥ is a 5 × 5 hermitian matrix extracted
from the matrix γ: with
γ⊥ ≡


(4π)2ωs
ωM
0 −4π 0 0
0 (4π)
2ωs
ωM
0 −4π 0
−4π 0 1 0 0
0 −4π 0 1 0
0 0 0 0 ǫ

 . (30)
Based on this normalization, the Berry curvature of the
coupled modes for the ω± branches is defined as
Ωz,n(k) = iǫαβ
∂x†
k,n
∂kα
γ⊥
∂xk,n
∂kβ
(31)
for n = ±, k = (kx, ky) = k(cosϕ, sinϕ), and α, β = x, y
with x†
k,nγ
⊥
xk,n = 1. Here ǫαβ is the antisymmetric
tensor with ǫxy = −ǫyx = 1. After a lengthy calculation,
we find that the Berry curvature depends only on k;
Ωz,±(k) =
1
k
∂
∂k
(
ω±
ωs
(ω2± − ω2em)
(2ω2± − ω2s − ω2em)
)
. (32)
The details of the derivation are shown in Appendix
B. By the similar procedure as in the magnetoelastic
wave35, we henceforth calculate the Berry curvature in
the regimes with weak and strong coupling defined by
∆ω/ω˜ ≪ 1 and ∆ω/ω˜ ≃ 1, respectively.
A. Weak coupling regime
The weak-coupling regime between magnon and elec-
tromagnetic wave is expressed as ωM ≪ ωs from
Eqs. (21), (24), and (25). To satisfy this condition, we
set ωM ≪ ωH to calculate the Berry curvature. When
ωM ≪ ωH , the hybridization gap is approximately eval-
uate as
∆ω ≃ √ωMωH . (33)
The gap is much smaller than ω˜ under this condition.
We show the results of the numerical calculation of the
dispersion and the Berry curvature in Figs. 2 (a) and
(b). The Berry curvatures for ω± show a strong peak,
and are localized at the crossing point of the dispersions.
The peak value of the Berry curvature at the crossing
point (k = k∗) is approximately evaluated as
Ωz,±(k = k∗) = ∓ ω˜
2
2k∗3ζ
= ∓ 1
2k∗2∆ω/ω˜
. (34)
In terms of ω˜ ≃ ωH , and ∆ω ≃ √ωMωH , we can see that
the Berry curvature is proportional to Ω±(k∗) ∝ 1/ω1/2M
and 1/ω
3/2
H . The dependences of the Berry curvature on
ωM and ωH agree with Figs. 2 (c) and (d). This result
has the same form as the result of the magnetoelastic
wave with respect to the hybridization gap except for
some coefficients35. It means that the main effect of the
Berry curvature induced by the hybridization has a uni-
versal feature around the hybridization gap in the weak
coupling regime.
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FIG. 2. (Color online) Dispersions and Berry curvatures for
coupled modes between magnons and electromagnetic waves
in a weak coupling regime. (a) Dispersions of the ω+ and ω−
branches, and (b) Berry curvatures of the ω+ and ω− branches
as functions of k. The parameters are set to be ωH/ωM = 10
3
with ωH = 5 [GHz]. Berry curvatures for the ω− mode is
shown for (c) ωM/ωM0 = 0.25, 0.5, 1.0 with ωH/ωH0 = 1.0,
and (d) ωH/ωH0 = 0.25, 0.5, 1.0 with ωM/ωM0 = 1.0, with
ωM0 = 5× 10−3 [GHz] and ωH0 = 5 [GHz].
B. Strong coupling regime
To calculate the Berry curvature in the strong-coupling
regime, we set ωM ≃ ωs. The results of the dispersion
and the Berry curvature are shown in Fig. 3. When the
coupling between magnon and electromagnetic wave is
strong, the peak of the Berry curvature at k = k∗ broad-
ens as shown in Figs. 3 (a) and (b).
The Berry curvature of the coupled wave is affected by
the hybridization even at k ≪ k∗. By using Eq. (32) and
the dispersions Eqs. (22) and (23), we obtain the Berry
curvature for k ≪ k∗
Ωz,+(k) ∼ − ζ
2
ω4s
, (35)
Ωz,−(k) ∼ 3ζ
2c′k
ω5s
, (36)
where c′ =
√
c2/ǫ− ζ2/ω2s . These results show that the
Berry curvature for k ≪ k∗ is strongly affected by the
coupling ζ. The Berry curvature Ωz,+ is finite at k→ 0,
while the Berry curvature Ωz,− is zero at k → 0. The
analytical results agree with the result of Figs. 3 (c) and
(d).
The asymptotic behavior of Ωz,− around k ≃ 0 comes
from the linearly polarized nature of the magnetic field
and flux in the vicinity of k = 0. For simplicity, we choose
the wavevector k = key where ey is a unit vector along
the y-axis. A relation between hx and hy is written for
the ωem mode as
40
hy
hx
= − iωωM
ω2mag − ω2
. (37)
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FIG. 3. (Color online) Dispersions and Berry curvatures
for coupled modes between magnons and electromagnetic
waves in strong coupling regime (a) Dispersions of the ω+
and ω
−
branches. (b) Berry curvatures of the ω+ and ω−
branches as functions of k. ωH/ωM = 2.0 with ωH = 5.0
[GHz]. The Berry curvature of the ω+ mode is shown for (c)
ωH/ωM = 0.5, 1.0, 2.0, and the ω− mode for (d) ωH/ωM =
0.5, 1/
√
2, 1.0.
Thus, the magnetic field becomes linearly polarized along
the x direction when k → 0. In addition, the magnetic
flux also becomes linearly polarized along x at k → 0,
because the non-diagonal component of the permeability
tensor µxy becomes smaller at k → 0. These behav-
iors are the same for an arbitrary direction of k. Thus,
the eigenvector becomes asymptotically independent of k
and the Berry curvature Ωz,−(k) becomes zero at k → 0.
This asymptotic behavior of the Berry curvature for the
ω = ω− mode is totally different from that of the magne-
toelastic wave ω = ω+ in the strong coupling, where the
Berry curvature of the linearly dispersive branch diverges
toward k = 0.
IV. TOPOLOGICAL EDGE MODES AT kz = 0
A. Chern number
Let us define an integral of the Berry curvature for
the ωn branch over the two-dimensional momentum
space41,42;
Chn =
∫ +∞
−∞
∫ +∞
−∞
Ωz,n(k)
dkxdky
2π
, (38)
with n = ±. The integral is quantized to be an integer
(Chern number), when the ωn branch is separated from
the other branches by a direct gap for any k = (kx, ky).
The quantized integer is identical with a number of topo-
logical chiral edge modes inside the gap43. The edge
modes are localized along a boundary of the system
within the xy plane. Using Eq. (32), we obtain
Chn =
∫ ∞
0
dk
∂
∂k
(
ωn
ωs
(ω2n − ω2em)
(2ω2n − ω2s − ω2em)
)
= Nn(∞)−Nn(0), (39)
where
Nn(k0) ≡
(
ωn
ωs
(ω2n − ω2em)
(2ω2n − ω2s − ω2em)
)∣∣∣∣∣
k→k0
. (40)
Using Eqs. (22) and (23), we have
N+(k) =
{
0 (k →∞)
1 (k → 0) , (41)
and
N−(k) =
{
ωmag
ωs
(k →∞)
0 (k → 0) . (42)
Thus, the Chern number for the ω+ branch is −1,
Ch+ = −1. (43)
The dispersion and its Chern number are illustrated in
Fig. 4 (a). From the quantization of the Chern number,
we expect that a chiral edge mode with kz = 0 appears
inside the hybridization gap between the ω+ branch and
ω− branch.
The integral of the Berry curvature for the ω− branch
is not quantized to an integer. This is because the ω−
branch in the particle space (ω = ω− ≥ 0) and its hole
counterpart (ω = −ω− ≤ 0) forms a band touching at
k = 0; ω−(k = 0) = 0. In the eigenvalue equation (6),
the branch with the positive frequency and that with
the negative frequency are coupled with each other. Due
to the band touching at k = 0, the Chern number for
the ω− branch is not well defined. As a result, the sum
of the Chern number over the branches with the posi-
tive frequency region is not zero either, unlike the cases
with a gap between the positive ω and the negative ω
branches26.
B. Chiral edge modes
From the quantization of the Chern number of the ω+
branch, we expect that a chiral edge mode with kz = 0
appear inside the hybridization gap. The mode is lo-
calized at a boundary between topologically different re-
gions. Here, we show an emergence of such topological
chiral edge modes at an interface between two regions
with opposite magnetizations. We consider a domain wall
as schematically illustrated in Fig. 4 (b). The magneti-
zation and magnetic field is directed along −z direction
in region I (x < 0) and +z direction in region II (x > 0).
Namely, H = (0, 0, H0), M = (0, 0,M0) in region II and
H = (0, 0,−H0), M = (0, 0,−M0) in region I, where
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FIG. 4. (Color online) Topological Chern number and topo-
logical edge modes of coupled waves between magnons and
electromagnetic waves (a) Dispersions of the ω+ and ω−
branches with the Chern number for the ω+ branch. (b)
Schematic picture of two ferromagnetic regions with oppo-
site magnetization and magnetic field. In region I, the Chern
number of the ω+ branch is +1 with H = (0, 0,−H0), and in
region II it is −1 with H = (0, 0, H0). The boundary between
the two regions is parallel to the y-axis. We define the surface
momentum along y as ky. (c) Dispersions for the edge modes
(orange lines) with ω0H = ω
0
M = 5.0 [GHz]. Gray-colored re-
gions show projections of the dispersions of the bulk modes
ω+ and ω− onto the surface momentum ky . (d) Ferromag-
netic insulator slab with a metalized surface. A chiral mode
appears only in the ky < 0 on the metalized surface.
H0 and M0 are positive. This means ωH = ω
0
H ≡ gH0,
ωM = ω
0
M ≡ 4πgM0, and ωs = ω0s ≡ ω0H + ω0M in region
II and ωH = −ω0H , ωM = −ω0M , and ωs = −ω0s in region
I. From Eq. (32), the Berry curvature for the ωn branch
changes its sign from the region I to the region II. Thus,
the Chern number for the ω+ branch in the region I is
+1, while that in the region II is −1.
The number of chiral edge modes at an interface with
two regions with different Chern numbers equals to the
difference of the two Chern numbers between the two
regions43. It is independent of the details of the inter-
face. Since the Chern number in the region I and in
the region II are 1 and −1 respectively, two chiral edge
modes are expected to emerge at the interface. To see
them, we note that the wavenumber ky along the edge (y
axis) is conserved, while we should replace kx by −i∂x in
Eq. (29). We then calculate eigenmodes of Eq. (28) at
the boundary. The eigenmodes localized at the bound-
ary is proportional to eikyy+κx for x < 0 and eikyy−κx
for x > 0 with κ > 0. From the boundary conditions for
the electromagnetic waves bx, hy and ez, we obtain two
edge-mode solutions ω = ω
(1)
edge, ω
(2)
edge inside the gap be-
tween ω+ and ω− (see Appendix E), and their dispersion
relations are shown in Fig. 4 (c). The dispersions of the
edge modes are written as
(ω
(1)
edge)
2 =
ω2mag + ω
2
em
2
+
√(
ω2mag + ω
2
em
2
)2
− ω2Hω2em
(ky > 0), (44)
ω
(2)
edge = ω
0
s (ky < 0), (45)
with ωem = cky/
√
ǫ and ky > 0. The dispersion ω
(1)
edge
touches at ky = 0 the top of the ω− branch of the bulk
mode. The dispersion quadratically increases in small ky
for ky ∼ k∗ due to the magnon, while it linearly increases
for ky ≫ k∗ because the electromagnetic wave is domi-
nant. The other edge mode ω
(2)
edge shows a flat dispersion
as in Fig. 4 (c) with ky < 0.
An edge mode with a flat dispersion similar to Eq. (45)
was also reported in a previous study of topological edge
magnetoplasmon27. The magnetoplasmon is a coupled
wave between the charge density and electric current den-
sity in a two-dimensional electron gas (2DEG) under a
high magnetic field. The previous study27 found two
distinct edge modes in the 2DEG under the magnetic
field, one edge mode with a flat dispersion and the other
edge mode with a linear (chiral) dispersion. The edge
mode with the flat dispersion carries only the electric
current component, while the other edge mode carries
both charge density and current components. Similarly
to the topological magnetoedgeplasmon, the edge mode
with the flat dispersion in the present system, Eq. (45),
carries only the magnetization and the magnetic field
components, but not the electric field component (see
Appendix E). Meanwhile, the edge mode with the chiral
dispersion, Eq. (44), is a coupled mode among magne-
tization, magnetic field and electric field (see Appendix
E1).
The edge mode with the flat dispersion in Eq. (45)
can be regarded as the Damon-Eshbach surface mode
in a ferromagnetic insulator slab with its surface being
metalized44. A dispersion of the surface mode of the
surface-metalized ferromagnetic insulator slab with a fi-
nite thickness d exists only in the ky < 0 region in Fig. 4
(d). When the thickness becomes much larger than the
wavelength (|kyd| ≫ 1), the dispersion becomes flat when
the exchange interaction is neglected44 and the saturated
dispersion equals to Eq. (45). Note also that the bound-
ary condition for the magnetic flux in the edge mode with
the flat dispersion ω = ω0s (see Appendix E) is the same
as that in the surface-metalized ferromagnet, where the
magnetic flux density along x direction at the surface is
zero due to the metalized surface44.
V. CONCLUSION
In this paper, we discuss the Berry curvature and topo-
logical edge modes that emerge from a hybridization be-
tween a magnon and an electromagnetic wave in a fer-
7romagnetic insulator. By introducing a norm of eigen-
vector for the coupled wave based on the energy con-
servation, we reformulated the Landau-Lifshitz-Maxwell
equation into a Hermitian eigenvalue equation. From the
eigenvalue equation, we introduced the Berry curvature
of the coupled waves between the magnon and the elec-
tromagnetic wave. When the wavevector of the coupled
wave k is perpendicular to the magnetic field and mag-
netization, we found that the Berry curvature shows a
prominent peak around a hybridization point between
the magnon and the electromagnetic modes. The hy-
bridization leads to two relevant hybrid modes; one is
a magnon-like massive mode (ω = ω+) at k = 0 and
the other is a photon-like massless mode (ω = ω−) at
k = 0. Around k ≃ 0, the Berry curvature for the mass-
less mode converges to zero, while that for the massive
mode converges to a non-zero value. We found that the
Chern number for the massive mode takes a non-zero
integer (±1), and consequently two chiral edge modes
emerge inside the hybridization gap at a domain wall be-
tween two ferromagnetic insulators with opposite mag-
netizations. One of the two edge modes carries both a
magnon and an electromagnetic wave, while the other
edge mode is purely magnetic and can be regarded as
the Damon-Eschbach surface chiral mode of the surface-
metalized ferromagnetic insulator slab.
Recently, the surface mode of the ferromagnet film in
the dipole-exchange regime immune to backscattering is
reported45. Our work provides an insight for the search
of the chiral edge modes and stimulates future simula-
tional and experimental studies on coupled waves be-
tween magnons and electromagnetic waves.
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Appendix A: Dispersion of the coupled wave
between the magnon and the electromagnetic wave
with the wavevector parallel to the magnetization
In the main text, we consider the case with k ⊥ M0.
In this Appendix, we calculate the dispersion relation for
the other case, the case with k ‖M0. From Eq. (18), the
dispersion relation reduces to[
ω
(
ω2 − ω2em
)− (ωsω2 − ωHω2em)]
× [ω (ω2 − ω2em)+ ωsω2 − ωHω2em] = 0. (A1)
From this, we obtain the dispersion relations for three
branches shown in Ref. 40. Let ωi (i = 1, 2, 3) be the
eigenfrequencies of the waves with 0 < ω1 < ω2 < ω3.
Among the three modes with positive frequencies, one is
massive at k = 0, ω(k = 0) 6= 0, while the other two is
massless at k = 0. The dispersions of the massless modes
take the following asymptotic forms around k = 0,
ω1 ≈ ωem
√
ωH
ωs
− ωMω
2
em
2ω2s
, (A2)
and
ω2 ≈ ωem
√
ωH
ωs
+
ωMω
2
em
2ω2s
. (A3)
The dispersion of the massive mode has the following
asymptotic form near k = 0,
ω3 ≈ ωs + ωMω
2
em
ω2s
. (A4)
Appendix B: Calculation of the Berry curvature of
the coupled wave between the magnon and the
electromagnetic wave
In this Appendix, we give a detailed calculation of the
Berry curvature for the coupled modes between a magnon
and an electromagnetic wave for the case with k ⊥M0.
LetM0 to be along the z axis. The two relevant branches
with ω = ω± represent hybridized waves of mx, my, bx,
by and ez. The eigenvalue equation for these five compo-
nents, xk ≡ t(mk,x,mk,y, bk,x, bk,y, ek,z), is given by:
H˜⊥eff(k, ϕ)xk = ωγ
⊥
xk, (B1)
where
H˜⊥eff(k, ϕ) = γ
⊥Heff(k, ϕ)
=


0 −i (4π)2ω2sωM 0 4πiωs −4πcky
i
(4π)2ω2s
ωM
0 −4πiωs 0 4πckx
0 4πiωs 0 −iωM cky
−4πiωs 0 iωM 0 −ckx
−4πcky 4πckx cky −ckx 0

.
(B2)
Here k ≡ k(cosϕ, sinϕ) is within the xy plane, with
ϕ being the angle between the x axis (see Fig. 1). The
norm of the eigenvector is defined through the Hermitian
matrix γ⊥;
γ⊥ =


(4π)2ωs
ωM
0 −4π 0 0
0 (4π)
2ωs
ωM
0 −4π 0
−4π 0 1 0 0
0 −4π 0 1 0
0 0 0 0 ǫ

 . (B3)
From the O(2) rotational symmetry in the Landau-
Lifshitz-Maxwell equation, the eigenvector at finite ϕ is
related with that at ϕ = 0 by the O(2) transformation,
H˜⊥eff(k, ϕ = 0)x˜k = ωγ
⊥
x˜k, (B4)
xk =

U2(ϕ) U2(ϕ)
1

 x˜k, (B5)
8where
U2(ϕ) =
(
cosϕ − sinϕ
sinϕ cosϕ
)
. (B6)
The dependence on ϕ and k in xk is now factorized into
U2(ϕ) and x˜k. x˜k is an eigenstate of the following Her-
mitian matrix,
H˜⊥eff(k, ϕ = 0)
=


0 −i (4π)2ω2sωM 0 4πiωs 0
i
(4π)2ω2s
ωM
0 −4πiωs 0 4πck
0 4πiωs 0 −iωM 0
−4πiωs 0 iωM 0 −ck
0 4πck 0 −ck 0

 .
(B7)
By using the factorized form for xk , the Berry curva-
ture is calculated as
Ωz,n(k) = iǫαβ
∂x†
k
∂kα
γ⊥
∂xk
∂kβ
=
1
k
∂
∂k
(
x˜
†
kΓx˜k
)
, (B8)
Γ =


0 − (4π)2ωsωM 0 4π 0
(4π)2ωs
ωM
0 −4π 0 0
0 4π 0 −1 0
−4π 0 1 0 0
0 0 0 0 0

 , (B9)
with the normalization condition x˜†kγ
⊥
x˜k = 1. To evalu-
ate Eq. (B8), it is convenient to introduce an unnormal-
ized eigenstate X˜k, which is related with x˜k by
x˜k ≡ X˜k√
X˜
†
kγ
⊥X˜k
. (B10)
In terms of the unnormalized eigenstate, the Berry cur-
vature is given by
Ωz,n(k) =
1
k
∂
∂k
(
X˜kΓX˜k
X˜kγ⊥X˜k
)
. (B11)
From the Hermitian eigenvalue equation, the eigenstate
satisfies

− (4π)2ωsωωM −i
(4π)2ω2s
ωM
4πω 4πiωs 0
i
(4π)2ω2s
ωM
− (4π)2ωsωωM −4πiωs 4πω 4πck
4πω 4πiωs −ω −iωM 0
−4πiωs 4πω iωM −ω −ck
0 4πck 0 −ck −ǫω

 X˜k = 0.
(B12)
Thus, we have
X˜k =


−i ωMck4π(ω2−ω2s)
ωsωMck
4πω(ω2−ω2s)
0
− ckω
1

 . (B13)
By using this wavefuntion and Eq. (B11), we obtain the
Berry curvature for the two eigenmodes with ω = ω±:
Ωz,±(k) =
1
k
∂
∂k
(
ω±
ωs
(ω2± − ω2em)
(2ω2± − ω2s − ω2em)
)
. (B14)
Appendix C: Wavenumber and Berry curvature at
the crossing point of the dispersions for the
electromagnetic wave and the magnon
Here we present a detailed calculation of the peak
value of the Berry curvature at the crossing point be-
tween magnon and photon mode. The wavevector at the
crossing point k∗ is defined by
k∗ =
√
ǫ
c2
(ωH + ωM ). (C1)
The dispersion and the Berry curvature around k = k∗
are given by
ω± ≃
√
c2(k2 + k∗2)
2ǫ
×

1± 1
(k2 + k∗2)
√
(k2 − k∗2)2
4
+
(
ǫζk
c2
)2 . (C2)
Using Eqs. (B14, C2), we obtain peak values of the Berry
curvature;
Ωz,±(k = k∗) = ∓ ω˜
2
2k∗3ζ
= ∓ 1
2k∗2∆ω/ω˜
. (C3)
Appendix D: Hermitian eigenvalue problems in the
other bases
In the main text, we use the basis for the eigenvector as
xk,1 ≡ (mk, bk, ek)t. Using bk = hk + 4πmk, one can
change the basis for the eigenvector into either xk,2 ≡
(mk,hk, ek)
t or xk,3 ≡ (bk,hk, ek)t. In terms of xk,2,
the Hermitian Hamiltonian in the eigenvalume problem
changes into
H2(k) =


0 −i (4π)2ω2HωM 0 4πiωH 0
i
(4π)2ω2H
ωM
0 −4πiωH 0 0
0 4πiωH 0 −iωM cky
−4πiωH 0 iωM 0 −ckx
0 0 cky −ckx 0

.
(D1)
In the new basis, a norm of the eigenvectors should be
redefined as 〈xk,2| γ2 |xk,2〉 with
γ2 =


(4π)2ωH
ωM
0 0 0 0
0 (4π)
2ωH
ωM
0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 ǫ

 . (D2)
9(compare this with Eqs. (15), (16), and (17). We can also
choose another basis, xk,3 ≡ (bk,hk, ek)t, with
H3(k) =


0 −i ω2HωM 0 i
ωHωs
ωM
0
i
ω2H
ωM
0 −iωHωsωM 0 0
0 iωHωsωM 0 −i
ω2s
ωM
cky
−iωHωsωM 0 i
ω2s
ωM
0 −ckx
0 0 cky −ckx 0


,
(D3)
and
γ3 =


ωH
ωM
0 − ωHωM 0 0
0 ωHωM 0 −
ωH
ωM
0
− ωHωM 0
ωs
ωM
0 0
0 − ωHωM 0 ωsωM 0
0 0 0 0 ǫ

 . (D4)
The norm in this basis is defined as 〈xk,3| γ3 |xk,3〉. In
accordance with the change of the norm, the Berry cur-
vature in these new bases are defined by Eq. (31) with
a replacement of γ⊥ and xk by γ2 and xk,2 or by γ3
and xk,3 respectively. It is important to note that these
different formulae give the same calculation result of the
Berry curvature as Eq. (32).
Appendix E: Calculation of the edge-mode solutions
of the coupled wave between the magnon and the
electromagentic wave
In the main text, we discuss the emergence of the chi-
ral edge modes at the boundary between the two fer-
romagnetic regions with an opposite magnetization and
magnetic field. In the following, we will give a detailed
derivation of the edge modes and their dispersions. From
Eq. (19) with the replacement of kx by ±iκ (κ > 0), the
eigenfrequencies of the edge modes shold satisfy the fol-
lowing equation;
ω4 − (ω˜2em + ω2s)ω2 + ω˜2emω2mag = 0, (E1)
ω˜2em ≡
c2(k2y − κ2)
ǫ
. (E2)
Unnormalized eigenvectors for the edge modes are ob-
tained from Eqs. (B13) and (B5) with the replacement
of kx by +iκ (κ > 0) for the region II (x > 0) and by
−iκ for the region I (x < 0), Eqs. (B13) and (B5) give
the unnormalized eigenvectors at the both sides of the
boundary,
ψky (x, y) =

mx,ky
my,ky
bx,ky
by,ky
ez,ky

 = C±


±ωM cκ4π −
ωsωMcky
4πω
−iωM cky4π ± iωsωMcκ4πω
cky
ω (ω
2 − ω2s)
∓i cκω (ω2 − ω2s)
(ω2 − ω2s)

 e∓κx+ikyy,
(x > 0 (x < 0))(E3)
where C± are constants. Here, we note that ωH = ω0H ≡
gH0, ωM = ω
0
M ≡ 4πgM0, and ωs = ω0s ≡ ω0H + ω0M for
x > 0 and ωH = −ω0H , ωM = −ω0M , and ωs = −ω0s for
x < 0. Next, we need to determine the constant factors
C± so as to satisfy the appropriate boundary conditions:
bx(x = 0+) = bx(x = 0−), (E4)
ez(x = 0+) = ez(x = 0−), (E5)
hy(x = 0+) = hy(x = 0−). (E6)
In the following, to calculate edge-modes solutions, we
study cases the ω 6= ω0s and ω = ω0s separately.
1. edge-mode solution with ω 6= ω0s
Let us first consider an edge-mode solution with ω 6=
ω0s . From Eq. (E3), to satisfy the boundary conditions
for bx and ez at x = 0 we need to set C+ = C−. Then
the boundary condition for hy at x = 0 gives a relation
between κ and ky,
κ =
ω0M ω
ω2 − ω2mag
ky . (E7)
A substitution of Eq. (E7) into Eqs. (E1) and (E2) leads
to the dispersion relation between ky and ω for localized
modes:
ω4 − (ω2mag + ω2em)ω2 + ω2Hω2em = 0, (E8)
with ωem ≡ cky/
√
ǫ for ω 6= ωmag. It gives the chiral
dispersion, Eq. (44), where ky > 0 is required by the
positiveness of κ.
The edge mode with the chiral dispersion involves both
a magnetization and an electric field. For ky → 0, the
chiral edge mode becomes magnonic,


mx,ky(x, y)
my,ky(x, y)
bx,ky (x, y)
by,ky (x, y)
ez,ky (x, y)

 = C±


1
4π
√
2
√
ωM
ωs
∓ i
4π
√
2
√
ωM
ωH
0
∓ i√
2
√
ωM
ωH
0


e∓κx+ikyy,
(x > 0 (x < 0)). (E9)
For ky ≫ k∗, the chiral mode becomes photonic,


mx,ky(x, y)
my,ky(x, y)
bx,ky (x, y)
by,ky (x, y)
ez,ky (x, y)

 = C±


0
0
1/
√
2
0
1/
√
2ǫ

 e∓κx+ikyy,
(x > 0 (x < 0)). (E10)
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2. edge-mode solution with ω = ω0s
First, Eq. (E3) satisfies the boundary conditions for bx
and ez, while the boundary condition for hy is satisfied
by setting C− = −C+. Then, by combining ω = ω0s , we
obtain with Eqs. (E1) and (E2) relates ky with κ as,
ω˜2em ≡
c2(k2y − κ2)
ǫ
= 0, ⇒ ky = ±κ (E11)
A case with ky = +κ (> 0) makes all the components
in Eq. (E3) to be zero, giving no physical solution. The
other case with ky = −κ (< 0) gives a physical edge-
mode solution with the flat dispersion, Eq. (45). From
Eq. (E3), the edge mode with the flat dispersion involves
only the magnetization and the magnetic field;


mx,ky (x, y)
my,ky (x, y)
bx,ky(x, y)
by,ky(x, y)
ez,ky (x, y)

 = C±


± 1
4
√
2π
√
ωM
ωs
i 1
4
√
2π
√
ωM
ωs
0
0
0


e∓κx+ikyy,
(x > 0 (x < 0)).
(E12)
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